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Abstract. A linear parabolic equation with nonlocal boundary conditions of the Bitsadze-
Samarsky type is considered. The existence and uniqueness theorem of the periodic solution is

proved.
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Nonlocal elliptic boundary value problems have been considered since the 30s of
the XXth century in the work of T. Carleman. In the 50-60s of the XXth century,
the abstract nonlocal elliptic problems were studied by M. I. Vishik, F. Browder, etc.
Nonlocal parabolic problems in a bounded cylinder were considered mainly in the cases
of parabolic delay differential equations, parabolic integro—differential equations, and
parabolic operator— differential equations. In this paper, we consider a parabolic equation
with nonlocal boundary conditions of the Bitsadze-Samarsky type, cf. [1]. The peculiarity
of these nonlocal conditions is that they are set using shifts in spatial variables in a
bounded domain. A method for studying elliptic boundary value problems with such
nonlocal conditions was developed in the 80-90s, see [2—4]|. In this paper, the time—
periodic solutions of a linear parabolic equation with nonlocal boundary conditions are
investigated. The proofs are given for a model example. However the method is suitable
for the general case of nonlocal boundary conditions of this type.

In the rectangular parallelepiped Q7 = (0,7") x (0, 2) x (0, 1) we consider the parabolic
equation

duw(t,r) — Y 0; (Ay(t, 2)dw(t,x)) = f(t.x)  ((t.z) € Q) (1)

4,j=1,2
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with nonlocal boundary conditions

w(t,z1,0) =w(t,x,1) =0 (0<t<T;0 <z <2),
w(t, x)|a:1:O = Vlw(ta x)|:c1=17 (O <t < T; 0< T2 < 1)7 (2)
w(t, x)| =2 = YWt T)|s=1 (0<t<T;0< 29 <1).
Here f € Ly(Qr), the functions A4;; € C°(R?) are 1-periodic in z; and T-periodic in ¢.
Moreover, A;;(t,x) = Aji(t,z) (1,7 = 1,2), and there exists ¢; > 0 such that

Z Ayt 2)6& > a Z 1&]? V(t, x) € Q. (3)

ij=1,2 i=1,2
Time-periodic solution of (1)—(2) must satisfy the condition
w(0.2) = w(T.z)  (r=(0.22) € Q = (0.2) x (0,1)). (4)

We consider our problem in Sobolev space Ly (0, T; W3 (Q)), this is the set of functions
u e LQ(QT) such that @u c LQ(QT) Let

Ly(0,T; W5 (Q)) := {w € Ly(0,T; W, (Q)) : wsatisfies (2)}. (5)
In this paper we consider the spaces of real-valued functions. We define the operator
A Ly (0, ;W3 (Q)) = La(0, T Wy 1(Q)) by the formula
(Aw,v) = > [ Ay(t, 2)05w(t, x) d(t,z)dudt Vv € Ly(0,T; W3 (Q)).
1<ij<ngy
We introduce the unbounded operator 0 : La(Q27) D 2(0;) — L2(2r) with the domain

2(0,) := {w € Ly(0, T; W3 (Q)) : dyw € Ly(Qr), w(0,7) = w(T, x)}. (6)

Definition 1. The function w € W, is called the generalized solution of problem (1), (2),

(4) if it satisfies the operator equation
ow + Aw = f, we W, (7)
where W, := 2(9,) N Ly (0, T; Wy (Q)).

Note that nonlocal conditions bind the values of the unknown function on some parts
of boundary with its values on shifts of these parts into domain 7. The above shifts
are generated by a certain difference operator. Properties of such difference operators
in the spaces Ly(Q) and W, (Q) were studied earlier, see [3, 4]. In this paper we use
the above results to formulate the properties of difference operators acting in different
function spaces Rg : Ly(Qr) = Ly(Qr) and Rg : Ly(0, T; W(Q)) — Ly(0, T; W, (Q)).
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We consider the difference operator
Ru(t,z) = u(t,x) + aqu(t,z1 + 1, 29) + a_qu(t,xy — 1, 2).

This operator corresponds to boundary conditions (2). We define the operator Rg given
by Ro = PoRIg : Ly(Qz) — Ls(Qr). Here Ip : Ls(Qr) — Lo((0,T) x R") is
the operator of extension of functions from Ly(€27) by zero in (0,7) x (R" \ @), the
operator Py : Lo((0,7) x R™) — Lo(Qr) is the operator of restriction of functions from
Ly((0,T) x R") to Q. Then for any u € Ly(0,T; W2(Q)) and w = Rou we have
ey =0 = RQuls,=0 = a1tlsy=1,  Wle=2 = RQuls=2 = a—1uls =1,
w|m1:1 = RQU|901:1 = U|m1:1-

Thus, if a; = 7y, a1 = 7, and u € Ly(0,T;WXQ)), then the function
w = Rou € Ly(0,T;W}(Q)) satisfies the nonlocal boundary conditions (2), i.e.
Rq(L2(0,T; WQ(Q))) C Ly(0, T WQ,W(Q)), where 7 = {710772} Conversely, if 7172 # 1,
it can be proved that Ly(0,T; W, (Q)) C Ro(L2(0,T;W5(Q))), see [3, 4]. Therefore,
Rg maps continuously and bijectively Lo(0, T WX(Q)) onto Ly(0,T; W, (Q)). Hence
there exists a bounded inverse operator Rél D Ly(0,T5 W5 (Q)) — Ly(0,T; WHQ)).
Consequently, instead of equation (7), we can consider the equation

O Rou+ ARqu = f, ueW, (8)
where W := 2(8,) N Ly (0, T; WH(Q)).

Definition 2. A linear operator A : Ly(Qr) D Z(A) — L2(€r) is monotone if

(Au, u) ::/Au-udwdtzO Yu e Z(A).
Qr
A linear densely defined monotone operator A is maximally monotone if there is no
linear monotone operator that is a strict extension of A.

As is known, in reflexive strictly convex with its conjugate spaces, the maximum

monotonicity of the operator is equivalent to the condition:
(Au,u) >0 Yue 2(N), (Nu,u)y >0 Yue P(NY), 9)

see Lemme 1.1 |5, Chapter 3|. It is also known that 0; with domain (6) is maximally
monotone and 9 = —0d;, see |5, Chapter 3, sec.2.2|.

Lemma 1. Let 172 # 1. Then ORg : Lo(Qr) D W — Ly(Qr) is mazimally monotone.
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1 * cs 1 *
Proof. Let RY, = §<RQ + Ry) and RE = E(RQ — Ry). Note that

(Rqu(t), u(t) 1, = (u(®), Bou(t)) 1, g, = (Bou(t), ult)) , g, = (Bou(t), u(®)) )

Moreover,

O (Rou(t), u(t));,q) = (ORqu(t), u(t)) ) + (Rou(t), du(t)), o
= (RqOwu(t), u(t)) 1,0y + (u(t), R*Q@tu(t))LQ(Q) =2 (O, RGu(t), u(t))Lz(Q) :
Since (9, R u, u) = 0, we obtain

(iRou,u) = (9, Ryu, u) = / (0RGu(r), u(r) g T =
0
due to u(T,x) = u(0,z). On the other hand,

(Ru(t), u(t)) g lrg =0

N —

((O:Rq) u,u) = (R50;u, u) = (0; Ryu, u) = —(0;Rpu, u) = — (0 Rou, u) = 0.
The condition (9) is fulfilled. O

Lemma 2. Let R, > 0, functions Ay € C™(R®), Ay(t,x) = Aj(t,x) (1,5 = 1,2) are
L—periodic in z1 and T—periodic in t, and inequality (3) holds. Then

(ARqu,u) > caflully, (10)

0.7;W3(Q))’
where co > 0 does not depend on u.

For the operator (ARg)(t,-), similar estimate is proved in [3, 4].
Note that operator ARg : Lo(0, T} WLQ)) — Ly((0,T; W5 1(Q)) satisfying (10) is

monotone and coercive in terms of [5].

Theorem 1. Let |y + 72| < 2, functions A;; € C®(R?), Aj;(t,z) = Aj(t,x) (i, = 1,2)
are l-periodic in xy and T-periodic in t, and inequality (3) holds. Then for any
f € La(Qr) there exists a unique generalized solution of problem (1), (2), (4).

Proof. As stated above, the generalized solution of (1), (2), (4) is the function w = Rgu,
where u is the solution of equation (8). Note that if |y + 72| < 2, then v172 # 1 and
R§ > 0, see Examples in [3, 4]. According to Lemma 1, the operator 0, R is maximally
monotone, and according to Lemma 2, the operator AR is monotone and coercive. The
conditions of Theorem 1.1 [5, Chapter III, §1] hold. Thus, the solution of equation (8)
exists. The uniqueness of this solution follows from (10). O
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